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Abstract

idaptive estimators for parameters in m.
are especially useful when data come in-
arge to be inputed into a standard algori
quentially overtime (ie. they are on-line r
tors are compared with the standard "
“n the EM algorithm can be use”
tast we develop a data -
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Motiv ation o

o Mixture models:

X( 4 .
F(x)=  YAX]W)
=1

are useful in modeling populations with heterogeneity,
which occurs often in practice. Determining the number of
components is challenging.
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Motiv ation el

® Mixture models:

)d( 4 .
F(x)=  YAX]W)
=1

are useful in modeling populations with heterogeneity,
which occurs often in practice. Determining the number of
components is challenging.

# Recently Charnigo and Sun (04a, 04b) developed a D-test
for testing 1 versus k components.

The D-test from the LRT paradigm. It has
, and

in terms of (%; {)). It can be
to test k versus k + 1 components.
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B

Question

Hence, if the adaptive estimates are available, the D-test has
great potential in data mining and online data applications.
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Hence, if the adaptive estimates are available, the D-test has
great potential in data mining and online data applications.
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Question

Hence, if the adaptive estimates are available, the D-test has
great potential in data mining and online data applications.

Q: How to estimate (¥4 1) adaptively and ef ciently?

based on Y® and ¥4V ; ).

How?
Notes:
Two cases: (1) k to k (large p or n, or online data)
(2) ktok+ 1 (online data)
N=nN,+ No
P kO . .
n= . mj;m=#fj Y 2 Gjg, Gj thei-th
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Solutions and Road Map

Partial EM

Bayesian (Sampling) MAP estimate
| Comparisons
Bayesian Variants
Bayesian Partial EM
Complete Data Augmentation

Choice of Hyperparameters
| Use EB and Asymptotics

Final Performance
Discussions
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Formulation: Kk to k

Consider a nite mixture of k normal?! distributions with a
pdf:

X 4 '
f =
(0= Y Ay
=1
) P
where A» N(0;1), % > 0;% > 0and ik—l Yy = 1.
Let? = (g0 k)%= (3a; %) Ya= (Va1 Y%), then
= (4 %Y)
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EMon Y, if we can

Start from some good @, compute

E-step:
1/?/A(Y"?E/1i) 1 X0
i = P(Y; 2GjjY)=p ! e Yaz= — i
J J 1/ 1A Yiitt N ]
t 1 %, ( Y, ) j=1
M-step
P
coogmdaYi o jma (i T)°
| N3 | f nYs

and then iterate until convergence.
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Partial EM

Treat 1/51) ;1 i(l) ; ?/f(l) as Initial values. Compute

D 1 feYii b
2 _ % ( %" ) ERVIPRVIC)
q] B Pk 1) 1 % Y.-1(1) 1 J
a 1 A( J Lt )
t=1 %l) %1)
Then
1 X 1. 0. X
Y = O ﬁ(nll/é )+ qj( )
J=1 Y 2Y®@
P n

. ), , P (2
j=1 dij Yj _ nll/‘rs‘ SO yeve Y]

N% n%
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Partial EM - cont

P
nl/él)[s 2(1) (1 (1) . 1..)2]_|_ v qJ(Z)(Yj i Li)2

¥ =
f N

With %;%; 34, we could again compute

- Y . Li
(2) _ VF%A( = )

: (2)
& ” Y — Yi 2Y
J =1 ]7[ A( ] )

Then the updated estimates can be obtained by iteratively com-

puting above steps, until convergence.
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Bayesian (Sampling) MAP

the priors, data Y ® and a surrogate to nd posterior
distributions and MAP estimates.

Setup: We have
X 1 w1l

N < X1 T
Yi:i:0:Yy lid f(X) = Ya—A
1 n () . 43/4( % )

The natural conjugate priors on pu= (¥%1; 3) are

L)% » N()ﬁ;:’/i%:'i); i = 1=% » Gamma(ri=2;, =2)

where ®;»; j;ri and _; are hyperparameters.
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complete log-posterior

Also de ne z; as the component indicator variable (surrogate)
fory;j, Le., (

o= LY » ADGE i %);

j —

0 otherwise;
and §iz; = 1. Then the complete log-posterior is
ox P— (Y i )?

L(YAY) = zi In%+In i
i=1 j=1 23/%

+ In [priors]+ C
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1-step update

MAP-step:
1 P 1 ZjYj +
m+ H —_
1 = bk®l . d: i ] ,I
n+ [ ®j Kk leIJ+ i
Pn
1 _ j=1Zj triil

jn:]_ Zi (Vi )2+ "i(tii »)2+ .
E-step: Estimate z; by

1A1) 1 Yj | 1.1
%1) %1) )
P L ov. 1@
Kk 1) 1 A(YJI 1t )

t:1 %—1) 3/{51)
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Comparisons

mu=(0,4),
$Pi:

n=1k
EM 3.107036
PEM 3.425930
B1 5.281034
B2 3.633327
B3 5.616947
Y1 6.242600
Y2 6.290869

nl:n2=1:1

2.5k
1.259436
1.364331
2.125327
1.433654
2.214934
2.538097
2.500923

5k
0.6289870
0.6820706
1.1015659
0.7156936
1.1352690
1.2460644
1.2735599

10k
0.3115171
0.3380298
0.5424845
0.3550152
0.5541706
0.6200195
0.6174719

EM > PEM > B2> (Y1,Y2)

Bl: ®= 41)!3 n —> sometimes okay
B2: ®= /ﬁl)n —> pest, should have used n;.

Bl: ®= /151) —> uniformly bad

1k(s)
2.708380
2.747352
4.471163
2.821426
4.807809
5.441384
5.432249
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1.84.
1.15¢
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Variants of Bayes Estimates

1. Iterate MAP (inside too) and E steps through Y ()
=) Baysian Partial EM

2. Similar to Baysian Partial EM but with m; and n estimated
using (¥41; u®) and Y @ =) Data Augumentation
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Data Augmentation

A P |

m+® i 1 nl/é + Y, 2Y® Zij +®j 1

Yo = P, = P&

n+ ,®jKk n+na+ ., ®j Kk
S, @, P ,

_ nl/‘é it vove Zij Yj + O

1)  F ,
nll/é T ovove Zj toi

1.
I

P .
1 Y+ ve zg i L

- 1 1), F ,
b + viove Zi (i i 2i)2+ Tt w2+
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Data Augmentation

Yy = mi;+®| 1 szl\;((Z) ij I

K _ - K :
n+ i:l®| K Ny + Na+t i:1®l K
1 @ i '
., - M F voye Zi )t i P
= p
1 ’,
N4 + vi2v® Zij + i
y . P .
1 _ ny ¥4 + vioye Zj ¥ rii 1
72 B G N ) - S
4 BT+ ove zi (Y0 T)ZH G )2+

(Hyperparameters can be estimated once for all or updated too.)
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Choices of Hyperparameter s ®

Note that

mi=n+ i 1)=n
1y, = farl k (® i 1)
and the MSE of the estimator % IS

A ,
74 (1i %) 2

Zn+ B + B

E(®i %) = E nP®ik Yy ”P®.k
1+ —— (1+ —)2

P
where Z, = mij=nj Y%:B = ®ri] L. @ﬁ]' kl/p. So, we'll choose ®
such that the asymptotic MSE is minimized and %4 Is consistent.
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Choices of Hyperparameter s ®

Note that

mi=n+ i 1)=n
1y, = farl k (® i 1)
and the MSE of the estimator % IS

A ,
74 (1i %) 2

Zn+ B + B

E®i %)° = E nP®ik Yy ”P®.k
1+ —— (1+ —)2

P
where Z, = mij=nj Y%:B = ®ri] L. @2' kl/p. So, we'll choose ®
such that the asymptotic MSE is minimized and %4 Is consistent.

The solution iIs ® = /§1)n1.
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» and

We let
» = 1i(1); i = /él)nz
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r and

>

Using MME and asymptotic expansion of & Choose a large
.i say 10, and set
1

?/f?(l) 5

Using mode: Set the mode at 1:%2(1) to get

Iy =

i 2

3/5(1) s |
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ktok+ 1

Set:

1t A Y % %) i (Pt ot 5 Va Ve Ve Y4 Ve, Ya)

where 141) _ Ya L /g_) _ Yo
Ya+ Yo' Ya + Yo
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Performance

k to k: PEM, Agm1 and Agm?2

ktok+ 1. PEM
n=n1+n2=10000, m=1000
YW Size= nq;¥%= (0:5:0:5);1 = (0;4);3% = (1;1)
Y @): Size= ny;Ya= (0:3;0:3;0:4);t = (0;4;,8)%% = (1:1;1)
Y2(EM): EM algorithm based only on Y2
PEM: Partial EM
nl:n2=1:1
Pi Mu Sigma

Y2(EM) 0.05758397 1.0151787 3.299722
PEM 0.03679747 0.5099786 1.262925
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nl:n2=4:1
Y2(EM)
PEM
nl:n2=1:4

Y2(EM)
PEM

0.15024636
0.07677624

0.03729397
0.03160076

2.5769655
0.7715693

0.6248261
0.5002733

8.596389
1.783635

2.005826
1.349916
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Discussion

Wasserman (1998): Using data dependent prior in mixtures is
iImportant!

Asymptotics: PEM, Augm?
Tests: Adaptation
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